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Abstract 

In this paper, we construct a base change lifting for an APF extension 
of a mixed characteristic local field. 


1 Introduction 

Let p be a prime number. In this paper, we shall construct a local base change 
lifting for an almost pro-p cyclic extension of infinite degree. The point is that 
the local base change lifting for a totally ramified extension coincides with an 
operation coming from the close local fields theory of Kazhdan under some 
conditions. 

We state the result more precisely. For a local field L with a finite residue 
field, we denote by £/{GLj^{L)) the set of isomorphism classes of irreducible 
smooth representations of GLn{L) over C. We denote the Weil group of L 
by Wl- We recall that an L-parameter of GLjv(L) is a group homomorphism 
(j): Wl X SL2(C) —>■ GLw(C) such that bliVi. is semi-simple and smooth and 
blsL2(C) is algebraic. Let $(GLjv(L)) denote the set of isomorphism classes 
of L-parameters of GLw(L)- We note that $(GLi(L)) is equal to the set 
Hom(L^ ,C^) of smooth characters of . We denote by LLGl the local Lang- 
lands correspondence of GL^v over L, whose existence was firstly proven by m 
for L of positive characteristic and by [ 7 ] for L of characteristic zero. Let F be 
a finite extension of Qp and E an APF extension of infinite degree, in particular 
an almost pro-p extension. Let Fao be the field of norms associated with E/F. 
We denote by ReSoo/o ttie restriction map ^{GLl[{F)) $(GLjv(F'oo)) with 
respect to the natural injection ^ Wp- 

Theorem 1.1. Suppose that the extension E/F is cyclic. Then we can con¬ 
struct a map BGqo/o • "2/(GLw(F')) —>■ ^(GLAr(F'oo)) such that the following 
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diagram is commutative: 


LLCf_ 


BC„ 


./o 


Res„ 


>/o 


LLC 


^(GL^(i^))- HGLNiF)). 


We shall call BGqo/o base change lifting of infinite degree. We construct 
BGoo/o by using Arthur and Glozel’s result [I] and close fields theory of Kazhdan 
[5]. Hence our construction is basically on the representation theory of p-adic 
groups, that is to say, the automorphic side. However, we use LLG when we 
prove Theorem 11.31 by showing the corresponding statement in the terms of L- 
parameters, that is, the Galois side. The author expects that in the future we 
will be able to avoid such arguments. 

To construct the lifting, we shall adapt Kazhdan’s theory to our setting. Let 
L be a local field with a finite residue field, O C L the ring of integers, and 
p C O the maximal ideal. Let K;(L) denote the principal congruence subgroup 
of level I of GLAr(L): 

Ki{L) = Ker(GLAr(C») ^ GLjv(0/p')). 

We denote by Rep(GLjv(L)) the category of admissible smooth representations 
of GL 7 v(L) and by Rep;(GLjv(L)) the full subcategory of Rep(GLjv(L)) con¬ 
sisting of representations generated by their ]Ki(L)-fixed vectors. 

We fix an algebraic closure F of E. For any real number v > —1, we 
denote by Gal(F/F)’' the w-th ramification group in upper numbering. Let 
bi < b 2 < ■ ■ ■ be the ramification breaks of E/F. We put 

p ^;pGal(F/£;)Gal(F/i^)'’" 

For a real number u > 0, we define 

[ {Ga\(F/F) ■.G<i\(F/E)Ga\(F/Fy)dv. 

Jo 

We take a non-decreasing sequence of non-negative integers satisfying 

the following: 

Condition (L) . —)• oo (n oo) and In < p~^{p — l)tpE/F{bn)- 

Then we have a theorem that Rep(GLjv(F’oo)) can be obtained by taking the 
limit of certain subcategories of Rep(GLAr(Fk)): 

Theorem 1.2. For any indices 1 < n < m < oo, there exists a natural equiva¬ 
lence of categories 

J^7n/n- R-ePi„(GL7v(T'n)) ^ Repi^{GLN(Fm))■ 
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This {A^jn I 0 < n < TO < 00 } makes the diagram 

Rep,„(GLjv(F„)) Rep,„(GL^(i^^O) 

r\ 

RePi„(GLAr(f;„)) 

P 

Rep;^(GLAr(P'm)) -—^ Rep;^ (GLAr(Fm/)) 

■^m' /m 


( 1 ) 


commute for any n < m < m'. We also denote by the bijection 

•2^Z„(GLAr(Fji)) —)• 

induced by the equivalence A^j^. Then we can take the direct limit of {A^/^}n: 
limv4oc/„: limj2//„(GLAr(F„)) ^ j2/(GLAr(Foo)), 

n n 

which is also bijective. 

Next, we shall prove that A^/^ coincides with the base change lifting. For 
a cyclic extension F'/F of prime degree, let 

BCf'/f- £/{GLn{F)) ^{GLn{F')) 

be the base change lifting in the sense of [U Chapter 1, Section 6]. For a general 
cyclic extension F'/F of finite degree, we define BGf'/f as the composite of 
the base changes attached to intermediate exetnsions of F'/F of prime degree. 
In particular, we write BGf^/f„ = We denote by s/i{G'Lf[{F)) the 

subset of ^{G\jm{F)) consisting of representations which have a non-trivial 
K;(F)-fixed vector. 

In the rest of this section, we suppose that E/F is cyclic. We put F = 
Gal(i?/F) and denote by F the group of smooth characters of F with valued in 
C^. By local class field theory, we identify an element of F with a character 
F^ —>■ which factors through F^ /NF^/Fi^n) for some n. 

Theorem 1.3. We take a sequence {ln}^=i satisfying the condition (L) and 
such that there exists apositive integer no such thatl'^ < \p~^ f / F{bn)\ 

for any n > uq. 

(i) For any indices uq < n < m < 00 , the bijection 

Amin'- ■2^/;,(GLjv(F„)) —(GL^v (F^ ) ) 
coincides with the base change lifting BCm/n = ^Gf^/f,^- 
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(a) For any tt G j2/(GLjv(i^)), there exists an integer n > 0 such that 


BC„/oW G^;^(GLjv(F„)). 


Now we can construct the base change lifting BCoo/o of infinite degree. 

Definition 1.4. We define 

BGoo/o ■ (GL7v(F)) —>■ £/ (GL7v(^"oo)) 

by mapping tt to A^o/n ° BC„/o(7r), where the n is as in Theorem [13] (ii). 

Remark 1.5. (a) By Theorem I 1.31 fib the definition of BC.^ /n is independent 

of the choice of n. 

(b) As noted above, at present, we can not avoid appealing to the local Lang- 
lands correspondence for GLat over F to prove Theorem 11.31 

(c) The commutativity of the diagram in Theorem 11.11 follows from (3] Theo¬ 
rem 6.1] and the compatibility of BC with Res via LLC. 

Furthermore, we study the structure of the fibers of BGqo/o- Now we recall 
the Langlands sum following the exposition of [3 Chapter 1]. We take a partition 
{Ni,... ,Nr) of N. Let tt^ G £/{GLn.{F)) be an essentially square-integrable 
representation for each 1 < * < r. Let Si be the real number such that | • is 
the absolute value of the central character of tt^. We reorder tti, ..., tt^ so that 
N^^si > ■ ■ ■ > N~^Sr-- We denote by P{Ni,..., Nr) the standard parabolic 
subgroup of GLn{F) whose Levi component is GLjVi (F) x • • • x GLn^{F). Then 
the normalized induction 

has a unique irreducible quotient, which we denote by tti ffl • • • ffl tt^ and call 
the Langlands sum of tti, ... ,Trr. Each tt G .e/(GL 7 v(F)) can be written as a 
Langlands sum and the tti ,..., are uniquely determined up to a permutation. 

Theorem 1.6. Let the notations and assumptions be as in Theorem M.A We 
suppose that {p, N) = 1. 

(i) Let TT G £/(GhN{F)) be an essentially square-integrable representation. 
We put TToo = BCoo/oC’’’)- -^6^ <^00 denote the central character of tToo- 
Then BC]]^^^Q(7roo) has a natural T-torsor structure and the map 

w: BC^^g(7roo) —>■ BC^^p(woo) 

which maps tt' to its central character is bijective. 
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(ii) Let TT he any element of £/{GhN(F)). We suppose that p > N. We can 
write 


TT = 7 ri ffl( 7 ri (g) 771,2) ■ • ■ ffl( 7 ri (g) 771,) 


fflTTr ffl(7rr (g 77 ^, 2 ) • ■ • g>77r,^^), 

where pi is an integer, tti G £/ (GL^Vi (F)) is an essentially square-integrable 
representation for each 1 < i < r, and rjij is an element of T for each 
1 < i < r and 2 < j < pi such that piNi + • • • + prNj. = N and the 
lifts BCoo/o('^i)i ■ • ■ I BCoo/o('^i-) are all distinct. Then the group r(7r) = 
X • ■ • X r^'’ transitively acts on BCj^yp(7roo). ^5 a homogeneous space 
o/r(7r), this is isomorphic to 

r(l, 771,2,..., 771,^ J X • • • X r(l, 77^,2,..., Vr.iJ.,.)- 

Here, for ( 771 ,..., 77 ^) S we denote by T{pi,... ,pr) the quotient of 
by the following equivalence relation: Two elements 
( 01 ,, 0 ^) in are equivalent if there exists a permutation a o/{l, ■ ■ ■, p} 
such that pj^j = Pcr{j)(^a{j) for each j. 

Remark 1.7. We denote the local reciprocity map of F by reci?: Wp F^. 
For (f G $(GLjv(F')), let x<i denote the determinant character of f). If p > N, 
then Theorem \TB shows that, using LLGf^, we can characterize LLCi? as a 
map which makes the diagram 


Hom(i^><,C'') 


Hom(WF,C>^) 


■ .s/{GLn{F)) ^^HV(GLw(i^oo)) 


LLCf 


$(GW(F)) 


ReSo 


7/0 


LLCfo. 


$(GLiv(i^oo)) 


commute and has the following properties: 

• a Steinberg representation Stm(o') maps to the outer tensor product 

LLGF(cr) KlSym'""^Std, 

where Std is the standard representation of SL 2 (C), and 

• a Langlands sum maps to the corresponding direct sum. 


2 Key lemmas 

In this section, we prove an important lemma, which is a statement in Ga¬ 
lois side corresponding to Theorem 1.3 (i) in the automorphic side. This is a 


5 









compatibility of the restriction functor of Galois groups with respect to a finite 
totally ramified extension and Deligne’s theory of close fields ([5]). We recall 
Deligne’s theory. Let K he a, local field with a finite residue field and I a positive 
integer. We denote the ring of integers of if by O and the maximal ideal of O 
by p. We denote by Tti{K) the triple (O/p*,p/p*+^,e) attached to K, where £ 
is the composite of the natural maps p/p*"^^ p/p* ^ C>/p*. We fix a separa¬ 
ble closure K of K. Let Ext(if )* denote the category of finite separable field 
extensions K' of K contained in K such that Gal(if/if') D Gal(if/if)*. Then 
we can construct a natural equivalence of categories 

T*^: Ext(if)* AExt(Trz(if))*, 

where Ext(Tri(if ))* is the category whose objects are extensions of Tr/(if) which 
satisfy the condition G* in [51 1.5.4] and morphisms are i?(Z)-equivalence classes 
(|51 2.3]) of morphisms of Ext(Tr;(if)). For an object K' of Ext(if)*, T\^{K') 
is defined to be the extension of triples Tri(if) —>■ Tiir{K') attached to the field 
extension if'/if, where r is the ramification index of K' jK. 

We take another local field Ki with finite residue field and denote the ring of 
integers of Ki by Oi and the maximal ideal of Oi by pi. Recall that K and Ki 
are called l-close if there exists an isomorphism of rings Oi/pi ^ O/p*. Then 
we can construct an isomorphism of triples 7 : Tii{Ki) — Tti{K). By mapping 
an extension Tri{K) —>• X to Tii{Ki) ^ Tri{K) —>■ X of Tri(Xi), we obtain an 
equivalence of categories 

7 *: Ext(Tn(X))* ^Ext(Tri(Xi))*. 

Now let L C X be a finite totally ramified extension of K. We have 

Gal(X/L) n Gal(X/X)“ = Wl n Gal(X/X)“ = (2) 

[T3l 1.1.2]. We denote by i{L/K) the largest i satisfying 
Gal(X/L) Gal(X/X)* = Gal(X/X). 

Then for any integer I < p~^{p— l)i(L/K), the norm map induces an iso¬ 
morphism of rings ^ ^k/P^k (see [131 Proposition 2.2.1]). In particular, 

K and L are Lclose. Hence there is a canonical isomorphism Tr;(L) ^ Tri(X) 
which sends the image of a uniformizer wl of L in pji/p^^ to that of 
in ■ We denote the isomorphism of the triples by 

Now we assume I < p~^{p — l)i{L/K). Then we have an equivalence of 
categories 

ml/j,: Ext(Tn(X))* ^Ext(Tri(L))*. 

On the other hand, we have a functor Ext(X) Ext(L) which maps an exten¬ 
sion K' of K to the composite K'L. If K' is an object of Ext(X)*, then by the 
equalities we have 

Gal(X/X'L) = Gal(X/X') n Gal(X/L) 

D Gal(X/X)* n Gal(X/L) 

= GaKX/L)’^^/^^*) = Gal(X/L)*. 
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Thus K'L is in Ext(L)'. 

Now we can prove the following lemma: 

Lemma 2.1. Suppose I < {2p)~^(j)— \)i{L/K). Then the group isomorphism 

: G&\(K/L)/Ga\(K/Ly Ga\(K/K) Ga\(K/Ky 

induced by ‘TIl/k coincides with the homomorphism which comes from the nat¬ 
ural injection Ga\{K/L) ^ Ga\{K/K). 

Proof. We take a Galois object K' of Ext^Kf. We put L' = K'L. We shall 
construct an isomorphism 

in Ext(Tr;(L))* such that the following diagram is commutative: 


Ga\{K'/K) 


Ga\{L'/L) 


Autxr, (L) in {L')) AutTr, (K) {T^ [K')) 


ad(m') 


AntTr,(L)(9TI/;,Tj,(if')) 


(3) 


Let r denote the ramification index of K' jK. We have I < 2 ^i{L/K) and 
Ga\(K/K') D Ga\(K/Ky D Ga\(K/K)^~"'^^/^\ 

Hence we obtain inequalities 

i’K'/K (^l^iL/K)r'^ < \i[LlK) + ^ • \i{LlK) < z(L/X). 
Taking account of 

Gal(7?/L) Ga\(KlKy^^l^^ = Gal(7?/A:), 

we have 

Gal(7r/L') Ga\{KlK' f~^'^^l^> 

= Gal(i?/L')(Gal(7?/A:)’^^'/^^^’'*^-^/^^’'^ n Gal(7?/E:')) 

D Gal(7?/L')(Gal(7?/A:)*(^/-^) n Gal(7?/A:')) 

= Gal(7?/L') n Gal(7?/A:)*(^/-^) 

= Ga\(KlK') n (Gal(7?/E:)*G/-ff) Gal(i?/L')) 

= Ga\(KlK'). 
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Hence we obtain Gdl{K/L') G&\{K/K' f ^ Gal(ii:/X')- Thus we have 

2~^i{L/K)r < i{L'/K') and the norm map provides an isomorphism 

^L'jK' '■ Trir.(L') ^ Tvir{K'), which makes the diagram 


Tr,(if)- 

Tr^L) — 


■Trir{K') 

^L'/K' 

-Ti>(L') 


commute. Thus jK’ is in fact an isomorphism Tl(L') —in 
Ext(Trz(L))b We put W = 

The commutativity of the diagram ([3]) follows from the equality TV /,//^r oa = 
aoN]^!/K' for any cr G Gal(L'/L). Lemma [2T] follows from the diagram ([3]). □ 

For any real number I > 0, we define 

$i(GLjv(iv:)) = {(/)€ $(GLjv(iv:)) I Gal(K/Ky c Kerc^}. 

By Lemma l2.ll we obtain the first key lemma: 

Lemma 2.2. Let K be a local field with a finite residue field and L a finite 
totally ramified extension of K. Then, for any I < (2p)“^(p — l)i{L/K), the 
restriction of L-parameters 


(j) I-)- 


$/(GL„(L)) 

</>Iwi,xSL2(C) 


coincides with the map 


in 


L/K ■ 


d>z(GL„(if)) ^ 

!->• 


$j(GL„(L)) 

f) ° i^L/K* X idsL2(C))- 


3 Proof of Theorem 11.2 


In this section, we prove Theorem 11.21 For this, we recall two ingredients. One 
is an equivalence of Rep;(GLAr(L)) and the category of representations of some 
Hecke algebra, where L is a local field with a finite residue field. The other is 
Kazhdan’s theory of close local fields [9]. 

We denote by J^i{GIjn{L)) the algebra of compactly supported Ki(L)-bi- 
invariant functions on GLjv(L) with values in C whose product is the convolution 
*i with respect to the Haar measure fJ‘GLN(L),i on GLAr(L) normalized by 

Tgl = 1- 

The characteristic function e]K,(z,) of KfiL) is the unity of J^i{GLn{L)). The 
category of (GLAr(L))-modules is denoted by Mod(c^(GLAr(L))). 
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Lemma 3.1 ([U Corollaire 3.9 (ii)]). The functor V i— gives an equiv¬ 
alence of categories 


Rep,(GLAr(L)) ^ Mod(J^^(GLAr(L))). 

By using this, we can prove the following: 

Lemma 3.2. For I < m, the functor 

Mod{jn{GLN{L))) Mod(JC(GLw(L))) 

W ^ (Jf^m(GL^(L))*^eKUL)) 0 W 

Jff,(GL„(L)) 


makes the diagram 

R-6p/(GLjv(L))^^-9- Rep^(GL7v(L)) 


Mod(.^(GLiv(L)))-^ Mod{J^miGLN{L))) 

commute, where the two vertical arrows are the equivalences in Lemma \3. 1\ and 
the top horizontal arrow is a natural injection. 

Proof. The following proof is similar to that of [H Corollaire 3.9 (ii)]. Through¬ 
out this proof, we put G = GLn{L), Ki = Ki{L), = JfilJG) and e; = e/c,. 
Note that the C-vector space Jfm *m e; has an J^?„-J^-bimodule structure via 
{hjYi, kijYi c/, hi) I y hjYi kjji, h^ G and hi G Let 

(tt, V) be any object of Rep;(G). The map 

(JC *mei)0 V^‘ ^ 


defined by 

{h*mei)®v ^ / {h*jnei){g)TT{g)vdfj,G,m{g) 

JG 

is a well-defined left J^-module homomorphism. It suffices to show that this is 
an isomorphism. This is surjective since tt is an object of Rep;(G). We denote by 
M the kernel of the above homomorphism. Now let Mod;(J^) denote the full 
subcategory of Mod(.^^) consisting of objects W which are generated by e/=i=IT. 
Then the equivalence of categories of Lemma 13.11 induces that of Rep; (G) and 
Modi{J^rn)- This equivalence and Lemma l3 .1 1 imply that the latter is equivalent 
to Mod(.^) and stable by sub-quotient. Since *m ei and are object 

of Modi{J^m), so is JV. In addition, there is no non-trivial vectors on Af which 
is fixed by the left action of ei . Therefore Af = 0 and the above homomorphism 
is an isomorphism. □ 

Next we recall Kazhdan’s theory. Let Fi and F 2 be local fields of residual 
characteristic p which are Tclose. Let Oi and pi denote the ring of integers and 
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the maximal ideal of Fi {i = 1,2). Let a: O 2 /P 2 ^ C^i/Pi be an isomorphism 
of rings. We fix a uniformizer va 2 of F 2 and choose a lift vui € pi of a{'UJ 2 
mod P 2 ). By the Cartan decomposition, the datum {a,TU 2 ,TUi) gives a C-linear 
isomorphism 


{a,W2,zj,)* : JFiiGLNiF,)) ^ JFi{GLn{F2)) 

(see [5]). In Kazhdan’s original paper, he showed that if Fi and F 2 are suf¬ 
ficiently close then (a,'cu 2 ,'cui)* is compatible with the convolution products. 
Lemaire showed a more precise result for GL^r: 

Lemma 3.3 1 |111 Proposition 3.1.1]!. If Fi and F 2 are l-close, the isomorphism 
(a, -072, wi)* is compatible with the convolution products. Hence it is a C-algebra 
isomorphism. 

Now we prove Theorem 1 1.2 1 Let E/F be an infinite APF extension. For any 
indices 1 < n < m < 00 , we have 

In < - - -’(pE/F{bn) = - - -i{Fm/F„). 

P P 

Here, we use equalities 'ipE/ribn) = i{Fn+i/Fn) = i{E/Fn) (see [T31 1-4.1 
(b)]) and inequalities i{E/Fn) < i{Fm/Fn) < i(F„+i/F„) (see [131 Proposition 
1.2.3]). Thus the norm map with respect to Fm/Fn induces an isomorphism of 
rings 

OLmjn'- ^^F„/pp^ 

[T31 Proposition 2.2.1]. We fix a uniformizer Wm of Fm- By Lemma [3.31 we 
obtain an isomorphism of C-algebras 

P*m/n = {a^/n,Wm,Np^/p^{Wm)y : ^lAGl^NiFn)) ^ (GLw(F„)). 

By Lemma [3Tl this induces an equivalence of categories 

Rep;^(GLAr(F„)) ^ Rep;^(GLAr(F„)). 

The transitivity of norm maps implies that the commutativity of the following 
diagram 

(GLiv(K)) (GLjv(F„)) 

This and Corollary 13.21 show the commutativity of the diagram ([T]). This com¬ 
pletes the proof of Theorem 11.21 
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4 Proof of Theorem 11.3 


In this section, we prove Theorem II.31 

Let be a mixed characteristic local field. We denote the local Langlands 
correspondence for GLjy over F by 

LLCf: ^(GLAr(F)) ^ $(GLjv(T)). 

By H Proposition 4.2], we have 

LLGF(^(GLAr(f))) C ^i{GLn{F)). 

Let Fi and F 2 be local fields with finite residue fields which are Lclose. 
We choose a datum P = (a, tJ 72 , wi) as in Kazhdan’s theory. Then we obtain 
Kazhdan’s correspondence P* : ^i(GIjn{Fi)) ^ £/i{GIjm{F 2 )). Moreover, from 
P we can canonically define an isomorphism of triples 7 : Tr/ (T 2 ) ^ Tr; {Fi)- The 
following compatibility of P* with 7 * via the local Langlands correspondence 
was proved by Aubert, Baum, Plymen and Solleveld in their preprint [2]. 

Theorem 4.1 ([S] Theorem 6.1]). Let I' be any integer such that 0 < I' < 2~^l. 
Then the following diagram is commutative: 


^i,{Ghj,{F^)) s:/i,{Ghi,{F2)) 


LLC 


LLC 


$//(GLjv(T'i)) —$//(GLjv(T'2)). 


Now let us prove Theorem ll.di fil. By Theorem 14.11 the map in Section 
[3] is compatible with the map TtJ, in Lemma [2.21 via LLG. Now we have 
inequalities < 2“^p“i(p- l)i{F^/Fn) < {2p)-^{p- l)i{Fm/Fn). Hence, by 
Lemma [121 the map TtJ, ^p coincides with the map induced by the restriction 
^ Wp^. Since the latter map is compatible with BG^/^ via LLG, we 
have completed the proof. 

Next we show Theorem II.31 fiiL By the local Langlands correspondence and 
Theorem 14.11 this is also reduced to showing the corresponding assertion on 
Galois representations. Thus we shall show that for any p G <l>(GLjv(F)) there 
exists n such that p\wFn ^ (GLAr(F„)). Take any p G ^{GLn{F)). Then 

we have p G ^i{GLn{F)) for some 1. By the equality ([1]) in SectionjH we have 
Wp„ n Gal{F/Fy = Gal(F/F„)’^®/^(^^ for any n. Since —>■ 00 as n —>■ 00 , 
there exists an integer n such that pp/pif) < I'n- Thus p\wFru trivial on 
Gal(F/F„)'" i.e. P\wf„ G <i)i^(GL 7 v(T'n)), as claimed. 


5 Proof of Theorem 11.6 

Finally, we prove Theorem ll.61 First, we show (i) for a supercuspidal tt. We put 
TToo = BCoo/o(’’')- The fiber BC)]]^yp(7roo) has a F-set structure via tt' i-g tt' 
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where tt' G BC^^^p(7roo) and rj £ T. We shall show that this action is simply 

transitive. The assumption (p, N) = 1 shows that the T-action is simple. Let 
us prove the transitivity. We take any tt' G BC oo% ) ■ By Theorem O (ii), 
we can take an integer n such that both BC„/o('^) and BC„/o ('^0 belong to 
£/i^{GljN{Fn)). Since BCoo/o = ^oo/n o BC„/o and ^oo/n is injective, we have 
BC„/o(^) = BC„/o('^ 0 - It suffices to show that there exists a smooth character 
rj: -£■ which factors through F^ /Np^/p{F^) such that tt' ~ TT®r]. We 

show this by induction on n. The case n = 1 is [TJ Chapter 1, Proposition 6.7]. 
We assume that the assertion holds for n — 1. By the case n = 1, we can find a 
smooth character 771 : F^_^ which factors through F^_^/Np^/p^_^{F^) 

and satisfies BC„_i/o( 7 r') ~ BC„_i/o( 7 r) 0 771 . Let lutt (resp. lUtt') denote the 
central character of tt (resp. tt'). Then we have 

Wtt' O Np^_^/p = (ujTr O Np^_^/p)t]i . 

Thus we obtain 

77 ^ = {uj^,uj-^)oNp^_^/p. 

By the assumption that (p, N) = 1, we find a character 77 ] on such that 

771 = 77] o Np^_^/p. 

Hence we have BCn,_i/o( 7 r') ~ BC„_i/o(7r <8 77 ]) and by the induction hypothesis 
there exists a smooth character rjn-i on F^ which is trivial on Np^ -r/F{F:_,) 
and satisfies tt' ~ tt ®( 77 ] 77 „_i). Then 77 = r][rin-i is the requested character. 

Taking central character maps tt ( 8 ) 77 to the character 07 ^ 77 '^. By the assump¬ 
tion {p,N) = 1, this gives a bijection BC“/g(7roo) BC“/p(woo). 

Now we show (i) for any essentially square-integrable tt. Then there ex¬ 
ist a unique divisor m oi N and a unique supercuspidal representation a G 
£/{Gh]\f/m{F)) such that tt is equivalent to the unique irreducible quotient 
Stm(a’) of 

n-Ind^;^"/^; 0 j det K K a ® j det 

m Theorem 9.3]). We put aoo = BCoo/o(^)- Let us show that the map 

BC^yp(7roo) 

a' M- Stm(o-') 

is bijective. Its well-definedness follows from [U Lemma 6.12], [SJ Theoreme 
2.17 (c)] and (SJ Proposition A.4.1]. Its injectivity follows from the uniqueness 
of the expression Stm(o''). We show its surjectivity. Take any tt' G BC oo/o(^-)- 
Then by [S] Theoreme 2.17 (c)] and [ 8 j Proposition A.4.1], we have BC„/o(7r') = 
Stm(BC„/o('^)) for some n. Since tt' is essentially square-integrable, there exists 
a divisor m' of iV and a supercuspidal representation a' G £/(GLjY/m'(F)) 
such that tt' = Stm'(o'')- The assumption (p, iV) = 1 and [3 Lemma 6.12] 
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show that BC„/o(7r') = Stm'(BC„/o(cr')). Hence we have m' = m and a' G 
BC;/VBC„/o(a)) C BC oo/o(®’oo)- Therefore the surjectivity follows, as claimed. 

The statement (ii) follows from the uniqueness of the Langlands sum and 
the fact that the functor A^o/n preserves the Langlands sum m Proposition 
A.4.1]). 
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